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A Note on Nonvanishing Properties of Drichlet
L-values Mod ℓ and Applications to K-groups
Abstract
Let χ be a Drichlet charcter, ψn the charcter of Zp
× with order pn. Let
ℓ be a prime not equal to p. We note that by directly using a theorem of
Sinnot, it can be proved that L(−k, χψn) is a ℓ-unit for sufficiently large
n. Applying this, some boundness result of ℓ-part of 4n + 2-th K-groups
of rings of integers in a cyclotomic Zp extension of real abelian fields are
proved.
1 Introduction
Let F be a number field. Let p be a prime number. Iwasawa theory study the
ideal class groups of Zp extension of F . In [3], Washington proved the ℓ-part
of the class numbers in cyclotomic Zp extension of F is bounded when F is
an abelian number field and ℓ 6= p is a prime. Since the ideal class group is
isomorphic to the torsion part of the 0-th K group of OF , where OF is the
ring of integers of F . Hence Washington’s theorem says the size of ℓ-part of
K0(OF ) is bounded in a cyclotomic Zp extension. By class number formula, this
is essentially a mod ℓ nonvanishing property of Drichlet L-functions at s = 0.
In [4], Sinnot gave a different proof by algebraic methods. For nonvanishing
properties of Drichlet L-functions at s = −k, this is proved in [7] by a refinement
ofWashington’s method. In this paper, we note that the nonvanishing properties
of Drichlet L-functions for s = −k can also be proved by directly using Sinnot’s
theorem in [4] . Since the Lichtenbaurn conjecture which relates the Dedekind
zeta functions at s = −k and higher K-groups is proved for abelian number
fields by Huber and Kings [6], we give some bounded results on non-p part of
higher K-groups in cyclotomic Zp extensions of a real abelian number field.
This paper is organized as follows. In section 1, we state Sinnot’ theorem
about rational measures on p-adic integers Zp. In section 2, we use Sinnot’s
theorem to show the mod ℓ nonvanshing properties of L-values. In section 3,
we give some applications on higher K groups in a cyclotomic Zp extension of a
real abelian number field.
1
2 Sinnot’s Theorem
Let ℓ, p be two distinct prime numbers. A Fl value measure on Zp is a finitely
additive Fl-valued functions on collection of compact open subsets of Zp. Equiv-
alently, a measure is a finitely additive Fl-valued functions on the sets {c +
pnZp|c ∈ Zp}. If φ : Zp −→ Fl is a locally constant function, say constant on
the cosets of pnZp in Zp, then we define
∫
Zp
φ(x)α(x) =
∑
a mod pn
φ(a)α(a + pnZp)
The ring of measures. Let α, β be two measures and U be an open compact
subset of Zp. Then α + β is a measure. Define the convolution α ∗ β(U) =∫ ∫
1U (x + y)dα(x)dβ(y). Then α ∗ β is a measure and the measures is a ring
respect to +, ∗.
Proposition 1. The ring of Fl-valued measures on Zp is isomorphic to the ring
of Fl-valued functions on µp∞ .
Proof. Given a measure α, define
αˆ(ζ) =
∫
Zp
ζxdα(x)
for ζ ∈ µp∞ .
Given a function f on µp∞ , define
fˇ(a+ pnZp) =
1
pn
∑
ζp
n=1
f(ζ)ζ−a.
It is easy to verify these two map estabalish the ring isomorphism. They are
Fourier transform and Fourier inversion.
A measure α is a rational function if there is a rational function R(Z) ∈ Fl(Z)
such that αˆ(ζ) = R(ζ) for all but finitely many ζ ∈ µp∞ .
α is supported on Z×p if and only if
∑
ǫp=1 αˆ(ǫζ) = 0 for every ζ ∈ µp∞ .
Let U = 1 + 2pZp. Let ψ be a character from Z
×
p to µp∞ . Hence it is a
character of U to µp∞ ⊂ Fl. We can view ψ as a character of Gal(Q∞/Q), where
Q∞ is the cyclotomic Zp extension of Q. Let Ψ be the group of characters Z
×
p
to µp∞ ⊂ Fl.
The following theorem proved by Sinnot is the main tool of this article.
Theorem 1 (Sinnot). Let α be a rational function measure on Zp with values
in Fl, and let R(Z) ∈ Fl(Z) be the associated rational function. Assume that α
is supported on Z×p . If
Γα(ψ) :=
∫
Z×p
ψ(x)dα(x) = 0
2
for infinitly many ψ ∈ Ψ, then
R(Z) +R(Z−1) = 0.
3 Special values of Drichlet L-functions
Let χ be a nontrivial Drichlet character with conductor fχ. It is well-known
L(−k, χ) is algebraic when k is a non-positive integer. L(−k, χ) 6= 0 if and only
if (−1)kχ(−1) = −1, see [2]. Let ℓ be a prime. Fix an isomorphic ι from C ∼= Ql.
In this aritcle, we define L(−k, χ) = L(−k, χ)ι. Let ordl denote the normalized
additive valuation such that ordl(l) = 1. Let Zl be the integral closure of Zl in
Ql and˜be the reduction map from Zl to Fl.
Let f be any multiple of fχ. Define
Fχ(Z) =
∑f
a=1 χ(a)Z
a
1− Zf
∈ Ql(Z)
.
The following formula is essentially well-known.
Proposition 2. L(−k, χ) = (Z ddZ )
kFχ(Z)|Z=1, in particular, if ℓ ∤ fχ, then
L(−k, χ) ∈ Zl.
Proof. Firstly, note that Fχ(Z) is independent on f for any multiper of fχ, since
∑f
a=1 χ(a)Z
a
1− Zf
=
∑fχ
a=1 χ(a)(1 + Z
a + · · ·+ Z
f
fχ
−1
)
1− Zf
=
∑fχ
a=1 χ(a)Z
a
1− Zfχ
.
By [2] we know that L(−k, χ) = −
Bk+1,χ
k+1 , where Bk+1,χ is defined by the fol-
lowing Taylor expansion
fχ∑
a=1
χ(a)teat
eft − 1
=
∞∑
n=0
Bn,χ
n!
tn
.
Since χ is nontrivial, we have B0,χ =
∑fχ
a=1 χ(a) = 0. So we can write
fχ∑
a=1
χ(a)eat
eft − 1
=
∞∑
n=0
Bn+1,χ
(n+ 1)!
tn =
∞∑
n=0
−L(−n, χ)
n!
tn.
On the other hand, by setting et = Z, we have
(
d
dt
)n(
fχ∑
a=1
χ(a)eat
eft − 1
)|t=0 = −((Z
d
dZ
)nFχ(Z)|Z=1).
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Hence
fχ∑
a=1
χ(a)eat
eft − 1
=
∞∑
n=0
−((Z
d
dZ
)nFχ(Z)|Z=1)t
n.
Therefore L(−k, χ) = (Z ddZ )
kFχ(Z)|Z=1. Hence the rational function
(Z
d
dZ
)kFχ(Z)
has finite value at Z = 1. Note that the denominator of this rational function
is a power of (1 − Zf) = [(1 − Z)(1 + Z + · · · + Zf−1)], we know that the
denominator in fact is a factor of a power of (1 + Z + · · · + Zf−1). Hence its
denominator of the value at Z = 1 divides f . Therefore its values at Z = 1 is
in Zl if ℓ ∤ f .
Let θ be a Drichlet character. Let fθ be its conductor and let f = 2pfθ. Let
Rk(Z) = (Z
d
dZ
)k(
∑f
a=1,p∤a θ(a)Z
a
1− Zf
).
Let R˜k(Z) ∈ Fl(Z) be the rational function obtained from R(Z) by modulo its
coefficients. We define the associated rational Fl-valued measure αk on Zp by
letting αˆ(ζ) = R˜k(ζ) for ζ ∈ µp∞ for which ζ
f 6= 1, and setting αˆ(ζ) = 0 for
ζf = 1. Note that α is supported on Zp× since
∑
ǫp=1R(ǫZ) = 0.
Proposition 3. For any character ψ ∈ Ψ whose conductor pm does not divide
f , we have
1
2
L(−k, θψ)˜=
∫
Z×p
ψ(x)dαk(x)
Proof. View ψ as a function on Z/pmZ by letting ψ(a) = 0 if p|a. Then by
Fourier transform, we have
ψ(x) =
∑
ζ∈µpm
τ(ψ, ζ)ζx,
where
τ(ψ, ζ) =
1
pn
∑
x mod pm
ψ(x)ζ−x.
τ(ψ, ζ) vanishes unless ζ has order pm, see [2].
Note that ∫
Z×p
ψ(x)dαk(x) =
∫
Z×p
∑
ζ∈µpn
τ(ψ, ζ)ζxdαk(x)
=
∑
ζ∈µpn
τ(ψ, ζ)Rk(ζ) =
∑
ζ∈µpn\µpn−1
τ(ψ, ζ)Rk(ζ)
4
.Since Rk(Z)+Rk(Z
−1) = (Z ddZ )
k(
∑f
a=1,p∤a
θ(a)Za
1−Zf ) = (Z
d
dZ )
k(
∑fpm
a=1,p∤a
θ(a)Za
1−Zfpm
),
if zeta is a primitive pm-th root of unity,
R(ζ) +R(ζ−1) = (Z
d
dZ
)k(
∑fpm
a=1,p∤a θ(a)ζ
aZa
1− Zfpm
) |Z=1 .
Now, since psi is even, we have τ(ψ, ζ) = τ(ψ, ζ−1); hence
2
∫
Z×p
ψ(x)dαk(x) =
∑
ζ∈µpn\µpn−1
(τ(ψ, ζ) + τ(ψζ−1))Rk(ζ)
=
∑
ζ∈µpn\µpn−1
τ(ψ, ζ)(Rk(ζ) +Rk(ζ
−1))
= (Z
d
dZ
)k(
∑fpm
a=1,p∤a θ(a)ψ(a)Z
a
1− Zfpm
) |Z=1
= L(−k, θψ).
Theorem 2. Let p, ℓ be two different primes. Q∞ be the cyclotomic Zp exten-
sion of Q. Let k ≥ 0 be an integer. Let θ be a Drichlet character such that
θ(−1)(−1)k = −1. Then there are only finitely many charcters of Gal(Q∞/Q)
such that ordl(L(−k, θψ)) > 0. If ℓ does not divide the conductor of θ, L(−k, θψ)
is a ℓ-unit for all but finitely many characters of Gal(Q∞/Q).
Proof. If there are infinitely many ψ such that ordl(L(−k, θψ)) > 0, then by
Theorem 1, we know that Rˆk(Z)+Rˆk(Z
−1) = 0, by Taylor expansion at Z = 0,
we see that the coefficent of Z of Rˆk(Z) + Rˆk(Z
−1) is 1. If ℓ does not divide
the conductor of θ, then 12L(−k, θψ) is already in Zl by Proposition 2 .
4 An application on ℓ-part of K-groups in Zp
extensions
We use the above theorem to give an application on K-groups in Zp extension.
We have the following theoremit relates the zeta value and the order of higher
K-groups the ring of integers. See [6] or [1]. For general number field, this is
conjectured by Lichtenbaurn.
Theorem 3. If F is totallly real abelian number field, then
ζF (1 − 2k) = (−1)
k[F :Q]2ǫ
|K4k−2(OF )|
|K4k−1(OF )|
for some ǫ ∈ Z.
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Theorem 4. Let ℓ > 2 and p be two distinct primes and F a real abelian
number field. Let F∞/F be the cyclotomic Zp-extension of F and Fn its n-
th layer. For an integer m ≡ 2, or 3 mod 4, let ℓenm be the exact power of ℓ
dividing |Km(OFn)|. Then enm is bounded as n 7→ ∞. In addition, the 2-part
of the K2(OFn) is also bounded.
Let q = p if p is an odd prime and q = 4 if p = 2. Let F be a real abelian
number field with conductor dpr, where p ∤ r.
Let F∞ be the cyclotomic Zp extension of F and Fn be its n-th layer, hence
Gal(Fn/F ) ∼= Z/p
nZ. Fix a prime ℓ 6= p, we concern about the ℓ-part of K
groups of Fn.
When n ≥ r, the character group of Gal(Fn/Q) is a subgroup of the character
groups of Gal(Q(ζdpn)/Q) ∼= (Z/dp
n)×. Any Drichlet character of (Z/dpn)× can
be written in the form χ or χψm where χ is a Drichlet character with χ(−1) = 1
such that pq does not divide the conductor of χ, and χm has order p
m and
conductor qpm with 1 ≤ m ≤ n.
Let X be the Drichlet character group of F . When n ≥ r, ζFn(s) =∏
χ∈X
∏
ψ L(s, χψ), where ψ is a characeter of Gal(Q∞/Q) which has order
less than pn. Then
ζFn(1− 2k)/ζFn−1(1− 2k) =
∏
χ∈X
∏
ψ order pn
L(1− 2k, χψ)
By Theorem ?? and Theorem 3 we know that the ℓ-part of |K4k−2(Fn)|/|K4k−1(Fn)|
is bounded as n 7→ ∞. It remains to show that they are bounded separately.
This is easy from the following propsition quoted from [1].
Proposition 4. Let m ≥ 3 be an odd integer. Set i = m+12 .
Km(OF ) ∼=


Zr1+r2 ⊕ Z/ωi(F ) n ≡ 1 (mod 8)
Zr2 ⊕ Z/2ωi(F )⊕ (Z/2)
r1−1 n ≡ 3 (mod 8)
Zr1+r2 ⊕ Z/ 12ωi(F ) n ≡ 5 (mod 8)
Zr2 ⊕ Z/ωi(F ) n ≡ 7 (mod 8)
where ωi(F ) is an integer defined in Section 5.3 [1]. We denote the ℓ-exact
power of ωi(F ) by ω
(l)
i (F ). In [1] Section 5.3, it is proved that
ω
(l)
i (F ) = max {ℓ
v|Gal(F (µlv )/F ) has exponent dividing i}.
Thus it is clear that the ℓ-part of the Km(Fn) is bounded, since F∞ ⊃ · · · ⊃
Fn ⊃ · · · ⊃ F0 = F is cyclotomic Zp extension where p 6= l.
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